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Conformal kernel for NLO BFKL equation in Af=4 SYM 
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Using the requirement of Mobius invariance of J\f=4 SYM amplitudes in the Regge limit we restore 
the conformal NLO BFKL kernel out of the eigenvalues known from the forward NLO BFKL result. 
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The high-energy behavior of perturbative amplitudes 
is given by the BFKL pomeron [l|. In the leading order, 
the BFKL equation is conformally invariant under the 
Mobius SL(2,C) group of transformations of the trans- 
verse plane. In the next-to-leading order (NLO) the 
BFKL kernel in QCD is not invariant because of the run- 
ning coupling, but the kernel in TV = 4 SYM is expected 
to be invariant. The eigenvalues of this conformal kernel 
are known from the calculation of forward NLO BFKL 
in the momentum space 2]. In a conformal theory it 
is possible to recover the amplitude of the non-forward 
scattering of two reggeized gluons from the forward scat- 
tering amplitude. Using the NLO kernel for evolution of 
color dipoles in QCD [3[ we guess the Mobius invariant 
kernel for yV=4 SYM and check that it reproduces known 
eigenvalues 

At high energies the typical forward scattering ampli- 
tude has the form 



A(s,0) 



(Pq<Pq' 



F A (q)F B (q') 
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duj 
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where -Fk(<z), Fsiq') are the impact factors, f+(uj) = 
"sin -kuj ^ S ^ ne signature factor, and G iAj (q, q') is the partial 
wave of the forward reggeized gluon scattering amplitude 
satisfying the BFKL equation 

LjG„(q,q')=6 2 (q-q , )+ I ' d 2 pK(q,p)G UJ {p, q') (2) 



In TV = 4 SYM the kernel K(q,p) is known up to the 
next-to-leading order 0] 
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where Q is the Riemann zeta-function and 



(q 2 -p 2 ) 
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Here Li 2 is the dilogarithm. 

The eigenvalues of the kernel ([3]) are [|J 



e m *K(q,p) = w(n,u), 
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6C(3) - yx(«>7) - X"(n,j) 



- 2$(n,7) - 2$(n, 1 - 7) 
where x( n , 7) = 2 V>(1) - ^(7 + § ) - -0(1 - 7 + § ) and 



$(n, 7 ) = 
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The Regge limit of the amplitude A(x, y; x' , y') in the 
coordinate space can be achieved as 



x 
x 1 



\x*pi + x±, 

= RX,P2 + x'j_ 



y = >^y*P2 + y±, 
y' = py',P2 + y± 



(7) 



with A,p — > 00 and x* > > y*, x' t > > y' % . 
Hereafter we use the notations x% — p^X^i, X-^ — p^x ' ^ 
where p\ and p 2 are light-like vectors normalized by 
2(pi,p 2 ) = s. These "Sudakov variables" are related to 
the usual light-cone coordinates x ± = -^( x ° ± £ 3 ) by 

x* = x + ^ s/2, x, = x~ \J s/2 so x = 2 :X*pi + 2 :X,p2+xj_. 
We use the (1,-1,-1,-1) metric so x 2 = ~x,x* — x\. 

In the Regge limit the full conformal group reduces 
to Mobius subgroup SL(2,C) leaving the transverse plane 



2 



(0, 0, z±) invariant. In a conformal theory the four-point 
amplitude A(x, y; x' , y') depends on two conformal ratios 
which can be chosen as 



IV2 



R = 



r = R 



(x-x')(y -y') 
(x - y) 2 {x' - y') 2 ' 

{x-y') 2 {y-x') 2 
(x - x') 2 (y - y') 2 



1 - 



1 1 2 
R. 
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The conformal ratio R scales as X 2 p 2 while r is does not 
depend on A or p. Following Ref. [J] (see also Ref. it 
is convenient to introduce two SL(2,C)-invariant vectors 

k = - — (pi P2 + x±) - — (pi p 2 + yx) (9) 



\/s . x' , . y/~S 



y 



-p% + y'x) 



such that 



2 /2 



— and 
R 



4(«V) 2 = - (10) 



x 2 , a;' 2 = — x'\ and similarly for y). In the 



(here x — — 

coordinate space the analog of Eq. fTJ has the form 



A(x,y;x',y' 



d z\d zid z[d z' 2 Ia(x, y; z\, z<i) 



x / R 2 f+{u)G u {zi,Z2;z[,z' 2 )lB(x',y';z' 1 ,z' 2 ) (11) 

where the partial wave of the reggeized gluon scattering 
amplitude satisfies the equation 



/ \2 



n , I is _ i 2 (Zl - 4) (g2 ~ 4) 
UL ru (Zi ) Z2 t Z 1 ,Z 2 ) - in -r- ,\ 2 ^ 7^2 

+ Jd 2 hd 2 t 2 K(z 1 ,z 2 - 1 t 1 ,t 2 )Gu(t 1 ,t 2 ;z[,z' 2 ) (12) 

Here the first term in the r.h.s. is the leading-order con- 
tribution coming from two-gluon exchange. 

The meaning of the Eq. (fTTj) is that the amplitude is 
factorized into the product of three terms I a, I a, and 
corresponding to rapidities r] ~ t]a, rj ~ t]b, an d 
r\A > V > Vb, respectively. With conformally invari- 
ant factorization of the amplitude into such product the 
impact factors and G w should be separately Mobius in- 
variant leading to invariant kernel K [z\ % Zo,\ ti, t-z). The 
eigenfunctions of a conformal kernel are 



E v<n [zw, z 2 q) 



' Zl2 ' 




' Z12 ' 




-210Z20- 




-210220- 





(13) 



where z = z x + iz v , z = z x — iz y and 210 = 21 — 20 etc. 
Denoting the eigenvalues of the kernel K by u>(n, v) 

Jd 2 tid 2 t 2 K(zi,z 2 ;ti,t 2 )E^ n (ti - z ,t 2 - z ) 
= uj(n,v)E„. n (z Wl z 20 ) (14) 



and substituting the formal solution of the Eq. (fT2f into 
Eq. (fTTj) we obtain 



71 — — OO 
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x f + (uj(n, v)) J d 2 z d 2 z 1 d 2 z 2 I A (x 1 y; zi, z 2 )E v . n (z 10l z 20 ) 
x / d 2 z[d 2 z 2 I B {x', y'; z[,z 2 )E* (z[ - z , z' 2 - z ) 



As demonstrated in Ref. [ij an impact factor depends on 
one conformal (Mobius invariant) ratio 

I a {x, y; zi,z 2 ) = —Ia[tt, — 7T7 — ttt), 

Z\2 V2 ( K ' Cl)(« ' &)> 

2 

where Ci = Pi H — ~P2 + z i_l and similarly for other 
C's. This enables us to carry out the integrations over 
Zi and z\. The formulas are especially simple when we 
consider the correlator of four scalar currents such as 
Tr{Z 2 } (Z = (0i + i<h)) so that onl y term with 
n = contributes. From conformal (Mobius) invariance 
we get [1] 



d 2 z\d 2 Z2 
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i + 4z/ 2 r 2 (i-^ 



_CTf2 / « 2 (Cl-C2) \/ 2{ 

f 2 a V2( k .Ci)(k-C 2 )A Zi V 

V4(k< 
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I A {v) (15) 



8tt r(l-2w) V4(k-Co) 2 - 

(here Co = pi + -^P2 + 2oj_) and therefore (cf. Ref. 

(a: - y)\x' - y') 4 ^^)^^)^^')^ (j/')> (16) 
= -\Jdv f +{ „)i^I A{ „)I B{ -v)n(r,v)R^ 

where O = ^^Tr{Z 2 }, w{u) = w(0,u), f+{u) = 



;r'7 \(k-C) 2 ^ V(k'-C) 2 

(Since the integral (fT"7l) does not scale with A, p it can de- 

The equation (fl~6)) . obtained in 



pend only on 



Ref. |7( from general consideration of the Regge limit in a 
conformal theory, proves the existence ot the conformally 
invariant factorization (|TT|> . Note that all the dependence 
on large energy (= large A, p) is contained in i?5 w (") . For 
completeness, let us mention that in the leading order in 
perturbation theory I{v) — ?Zu°J.. \ fl 



cosh iru \J x ' 

To restore the NLO BFKL kernel in the coordinate rep- 
resentation pip from the eigenvalues ^ in the momen- 
tum representation we must prove that Eq. I|16p agrees 



3 



with Eq. (p} with the same set of u>{v). (Strictly speak- 
ing, we need to demonstrate this property for arbitrary 
n but here we will do it only for n = 0). 

In order to perform Fourier transformation of the cor- 
relator (JT6J) we need to relax the limit ([7]) by allowing 
small x, ~ y, ~ 1/A and x^ ~ ~ l/p. The conditions 
(ITCTjl for vectors ^ are now satisfied up to and ^ 
corrections. The correlator (fTOl) takes the form 



(18) 
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(x - y)\x' - y') A (0(x)0^y)0{x')0\ y ')) 
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The forward scattering amplitude can be defined as (cf. 
Ref. ||) 

A(s,0) 

= — i J d A zd A xd A y{0{x,, x* + z*,x±_ + zj_)O^(0, z», zj_) 
x O(i/. + 2.,»„yx)Ot( 2! .,0,0)) e-^-x-ipB-v (19) 

2 2 
where p A = pi + —p 2 and p_b = P2 + ^f~Pi ■ Substituing 
Eq. (jTSJ) in Eq. (|19p and performing the integrations 
over the coordinates we obtain 



A(s,0) 



8tt 2 s 



(p 2 aP 2 b) 3/I 
2 



dp 



I A {y)I B (- V )(— 



PaP% 



r(3 + u(v) + 2iv) T{l-2iv) 



(20) 



This should be compared with Eq. (fTJ) which takes the 
form 



A(s,0) 



(21) 



rfz/ s/+(i/) 
2 ^ 2 Mi 



-F A (i/)F B (-i/) 



It is clear that Eq. (|20p and Eq. (|2"Tj) coincide after the 
redefinition of the impact factor 

r 2 f^ - i V + ^)r 2 (± + iiA 

F A {v)= An 2 I A {v) [2 W+ 2 ji [2+W) 



T(3 - 2iv + w(z/))r(l + 2iv) 



and similarly for Fg. 

Now we are in a position to restore -Knlo( z 17 22; ij., t 2 ) 
from the eigenvalues (O ■ At the leading-order level K is 



given by the BFKL kernel in the dipole form (the linear 
part of the BK equation (9L [Iol|) 



■KloO^i, z 2 ; z 3 , Zi) 

- S 2 (Z 13 )S 2 (Z24 



a.N P . 



2vr 2 



212^ (^13) , Z{ 2 5 2 (z 2i ) 



'13 -"23 



d 2 z 



-12 



(zi - z) 2 (z 2 - z) 2 



(22) 



Using the eigenvalues u)(n, v) and the requirement of con- 
formal invariance it is possible to restore the conformal 
kernel for the NLO BFKL equation 



K 



NLO 



(zi, z 2 ; z 3 , Z4) = - 



a s N c n 2 
4tt 3 



K h0 (zi, z 2 ; z 3 , z^ 



+ 



a 2 s N 2 
8tt 4 



\ 7 2 2 2 y ^ 

1 z 34 z 13 2 24 L v 



'13^24 



6 14^23 



+ 21n- 



'14^23 



12 



n 2 ((3)6(z 13 )6(z 2i )} 



7 2 2 

7 2 7 2 
z 14 z 23 

(23) 



Eq. (|2"3"|) is the main result of the present paper. It is 
worth noting that the first term in braces in the l.h.s. 
corresponds to the analytic term in the conformal part 
of NLO BK kernel in QCD [|. 

The equation (|12p with the kernel (|2"3"|) is obviously 
conformally invariant. Let us prove that its eigenvalues 
are given by Eq. l[5"]). The integral 



d 2 z 3 d 2 z 4: K Nh o(zi, z 2 ; z 3 , z 4: )E n ^(z 3a , z 40 ) 



(24) 



[c(n, v) + 



4tt 2 

can be reduced to 



a 2 N 2 

1 dz 3 dzi 



■( 6 C(3)- —x{n,v))]E n ^(z w ,Z2o) 



8tt 4 
f 1 



Z 3 4 Z YA Z 24 



2 In 



z 14 2 23 



'12^34 



-13^24 



'14^23 



m z 13 z 24 \ /£34\ |+w-f /£34\|+ii/ 
Z \4,A 3 > z \2 z 12 



c(n, v) 



by setting zq = and making the inversion X{ — > Xi/x 2 . 
Taking now Z2 = we obtain 



"s^c /" ,2 r 

Stt 4 i d z 2l ^ j 



j2 I 

d z 
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(Zi - z - 
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-z'Yz' 2 I 



v2^2 



21n- 



{z 1 ^z l ) 2 {z + z'Y 
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x In 



(zi-z- z'fz' 2 - (zi - z') 2 (z + z') 2 
[z\ — z — z') 2 z' 2 



(zi - z') 2 {z + z') 
Using now the integral 



7p} = <n,v) 



(25) 



cPz' In ( Zl - z') 2 (z + z') 2 /(z 2 z 2 ) 

7T 



[z% — z — z') 2 z 



2 7 a 



(zi - z)' 
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and the integral J13 from Ref. [Ill 
■d 2 z' 



2tt 
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z\z 2 



(zi — z- z') 2 z' - (zi - z') 2 (z + z' f 



In 



(zi — z — z') 2 z 



(z 1 -z-z 1 ) 2 (zi- z') 2 (z + z') 2 
(see Eq. Q for the definition of i>) we obtain 



^ >d 2 z (z 2 /z 2 1 )-^+^, 



47T 3 

+ $(21, 2) = c(n, t") 



In" 



(zi - z) 2 "* z 2 
(26) 



where 4> is the angle between z and z\. The final step is 
to use integrals 



d 2 z 



IT [z\ — z)' 



\z 2 1 z\y e 1 ^ In 2 



27 ^ 



7-1 



^(z^z) 



Comparing to Eq. ([3|) we see that c(n, v) — a |j^ c [ — 
x"(n, z^) — 2$(n, I +iv) — 2$(i — w)] which corresponds 
to wnlo from Eq. ([5]) 

Let us comment on the result in the literature that 
NLO BFKL in the coordinate space is not conformally 
invariant (l2T |. As we mentioned above, the conformal 
result for the NLO BFKL kernel (|2"3")l corresponds to the 
factorization in rapidity consistent with Mobius invari- 
ance. In other words, this kernel should describe the 
evolution of the color dipole with the conformally invari- 
ant rapidity cutoff. At present, there is no obvious way 
to impose such a cutoff although we believe that it can 
be done by constructing a "composite operator" for a 
color dipole, order by order in the perturbation theory. 
We also think that the Fourier transform of Eq. (p~8j) in 



the non-forward case whould give the precise cutoff for 
the longitudinal integrations in the momentum space and 
cure the discrepancy with the results of Ref. [12| . 

One can also restore the NLO QCD kernel with the 
same rapidity cutoff implicitly defined above to satisfy 
the requirement of the conformal invariance of the J\f = 4 
kernel (f2"3")) . Using the results of [!, [l3| one obtains 



K NLo( Z 1' Z 2' Z 3' Z/ l) = Ar NL o(zi,Z2;Z3,Z 4 ) 
a s I 2 2 67 10 , 

+ — (oln2 12 /i + -g c ~ y 71 /) ^lo (21, z 2 ;z 3 ,z 4 ) 



(27) 



8tt 3 



^z 13 )(^-^)ln^ + <5 2 (z 24 )(-L 

z 14 z 2 4 z 24 z 13 



±) ln^ - S 2 (z 13 )S 2 (z 24 ) f d 2 z (-L - -L) ln^ 

23 J z 10 z 20 z 20 



Z 23 

n 



X>,7) 



$(n, 7) — 3>(n, 1 — 7) + 



aim 

8tt 4 



34 



z 2 z 2 

z 12 z 34 



■In 
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13^24 



Z? Z 2 



-13^24 



'14^23 



-14^-23 



'13^-24 



+ z 2 4 z| 3 



: -12^34 



111 



-13^-24 



-'13^24 -°14^23 -'14^23 

where b — llA c /3 — 2?i//3 and /1 is the normalization 
point in the MS scheme. This kernel has the QCD eigen- 
values u(n,v) from Ref. Q. Note that Eq. (J37J) is 
different from the NLO BK kernel for the evolution of 
color dipoles in Ref. [3J] since the "rigid cutoff" a > a 
adopted in that paper is not conformally invariant. 
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